Abstract. We answer the question of W.T. Gowers, giving an example of a bounded operator on a subspace of Gowers unconditional space which is not a strictly singular perturbation of a restriction of a diagonal operator. We make some observations on operators in arbitrary tight by support Banach space, showing in particular that in such space no two isomorphic infinitely dimensional subspaces form a direct sum.
In [10] W.T. Gowers and B. Maurey built the first hereditarily indecomposable (HI) Banach space X GM , i.e. a space with no non-trivial bounded projection on subspaces. They proved also that any operator on a subspace of X GM is a strictly singular perturbation of a multiple of the identity. Recall that an operator is strictly singular if none of its restriction to infinitely dimensional subspace is an isomorphism onto its image. Gowers-Maurey construction opened the field of study of spaces with small family of bounded operators. The celebrated space of S.A. Argyros and R. Haydon [3] provided an extreme example in the area; their space is an L ∞ HI space, on which any bounded operator is a compact perturbation of a multiple of the identity.
A natural question arises how small family of bounded operators on Banach spaces with an unconditional basis could be. Obviously all diagonal operators with uniformly bounded entries are continuous on such space, therefore the most one can expect is a hereditary "strictly singular + diagonal" property: any bounded operator on a subspace of the space is a strictly singular perturbation of a restriction of a diagonal operator on the whole space.
Among the properties to be considered in this context are different types of tightness, studied in [5, 6] , which describe the structure of the family of isomorphisms inside the space. The strongest type is tightness by support. Recall that a Banach space X with a basis is tight by support if no two disjointly supported infinitely dimensional subspaces of X are isomorphic. Notice that none HI space can be tight by support by the very definition of hereditary indecomposability, thus by Gowers dichotomy, Banach spaces tight by support are saturated with unconditional basic sequences. The typical example of a Banach space tight by support is Gowers unconditional space X U , the unconditional version of Gowers-Maurey space [6, 9] . It follows easily that "strictly singular + diagonal" property implies tightness by support. W.T. Gowers asked if the implication can reversed (Problem 5.12 [9] ), in particular if X U has "strictly singular + diagonal" property (Problem 5.13 [9] ). It is known that any bounded operator on X U is a strictly singular perturbation of a diagonal operator [10] . Adapting arguments of [2] one can prove analogous result for any bounded operator T : Y → Y , where Y is a block subspace of X U . W.T. Gowers [8] also proved that any isomorphism between block subspaces in a tight by support Banach space is a strictly singular perturbation of a restriction of an invertible diagonal operator.
We answer the questions by constructing a bounded projection on a direct sum of two block subspaces of X U which is not a strictly singular perturbation of a restriction of a diagonal operator (Theorem 2.5). The construction uses the block sequence of [12] in Schlumprecht space generating an ℓ 1 -spreading model and canonical properties of Gowers unconditional space, thus can be easily adapted to other spaces of Gowers-Maurey type and leaves open the question on example of a Banach space with an unconditional basis and hereditary "strictly singular + diagonal" property.
We prove also positive results on bounded operators on arbitrary Banach space X with a tight by support unconditional basis. In particular we show that any bounded operator on a subspace generated by a weakly null sequence (x n ) in such space has a restriction to a subspace generated by some subsequence (x kn ) of the form S + D| [x kn ] , with S strictly singular and D diagonal (Theorem 1.3). If we allow restricting to a block subspace we can replace the diagonal operator D by a multiple of the identity (Theorem 1.4), which implies that no two isomorphic infinitely dimensional subspaces of X form a direct sum (Corollary 1.5).
In case of Gowers unconditional space one can strengthen Theorem 1.3 -we prove that any bounded operator on a block subspace Y of X U is of the form S + D| Y , with S strictly singular and D diagonal, generalizing earlier results (Theorem 2.7).
We recall briefly the standard notation. Given any E, F ⊂ N we write E < F , if max E < min F . Let X be a Banach space with a basis (e i ). Given any basic sequence (x n ) by [x n ] we denote the closed vector space spanned by (x n ). Given any G ⊂ N by P G we denote the projection X → [e i : i ∈ G]. The support of a vector x = i x i e i is the set supp x = {i ∈ N : x i = 0}. We write x < y for vectors x, y ∈ X, if supp x < supp y. Any sequence (x n ) ⊂ X with x 1 < x 2 < . . . is called a block sequence, a closed subspace spanned by an infinite block sequence (x n ) is called a block subspace. The support of a subspace Y is the union of supports of all elements of Y .
GENERAL CASE
In this section we show some positive results on bounded operators on Banach spaces which are tight by support. We recall Definition 1.1.
[5] A basis of a Banach space is called tight by support, if no two infinitely dimensional subspaces with disjoint supports are isomorphic.
Throughout this section X denotes a Banach space with a tight by support unconditional basis (e i ). The main tool is provided by the following decomposition result, which uses the notion of a diagonal-free operator. We call an operator R defined on a block subspace [x n ] ⊂ X diagonal-free provided supp x n ∩supp Rx n = ∅ for any n ∈ N. Proposition 1.2. Let X be a Banach space with a tight by support unconditional basis (e i ). Let T be a bounded operator on a block subspace [x n ] ⊂ X. Then T = D| [xn] + S + R for some bounded operators D, S, R with D diagonal, S strictly singular and R diagonal-free.
Moreover, if T satisfies supp T x n ∩ supp x m = ∅ for any n = m, then the above formula holds with R = 0.
Proof. Let (x n ) be a normalized block basis and T : [x n ] → X be a bounded operator with T = C. Since X is tight by support, the operator P • T , where P is the projection on [e i : i ∈ ∪ supp(x n )] is strictly singular. Thus we can assume that ∪ n supp(x n ) = N.
By the definition of A n,k 's we have D k ≤ 2 k . Fix k ∈ N and assume that T k is not strictly singular. Thus T k is an isomorphism between some infinitely dimensional subspaces U ⊂ [x n ] and W ⊂ P k (X). Consider a bounded operator
On the other hand for any x ∈ [x n ] and i ∈ supp P k x ⊂ A k we have
which for sufficiently big k gives contradiction for any non-zero x ∈ (T k ) −1 (V ). Therefore for k sufficiently big the operator T k is strictly singular. Now we have
Therefore the operator
Now if we assume that supp T x m ∩ supp x n = ∅ for n = m, then, as we assumed that supp[x n ] = N, we have that supp T x n ⊂ supp x n for any n ∈ N.
For the last equality recall that supp T x n ⊂ supp x n for any n ∈ N. Proposition 1.2 implies immediately the following result. Theorem 1.3. Let X be a Banach space with a tight by support unconditional basis. Let T : [x n ] → X be a bounded operator on a subspace spanned by a weakly null sequence (x n ). Then there exists a subsequence (x n ) n∈M such that T | [xn: n∈M] = D| [xn: n∈M] + S, where D : X → X is a bounded diagonal operator and S : [x n : n ∈ M ] → X is a bounded strictly singular operator.
In particular the assertion holds if (x n ) is a block sequence.
We can replace diagonal operator by a multiple of the identity, if we allow passing to a block sequence instead of subsequence. Theorem 1.4. Let X be a Banach space with a tight by support unconditional basis.
Let T : [x n ] → X be a bounded operator on a block subspace [x n ]. Then there is an infinitely dimensional block subspace W ⊂ [x n ] such that T | W = λId| W + S, for some scalar λ and bounded strictly singular operator S : [x n ] → X.
As for any isomorphism T any scalar λ given by the above Theorem is non-zero, we obtain the following Corollary 1.5. Let X be a Banach space with a tight by support unconditional basis.
Then for any isomorphic infinitely dimensional subspaces Y, Z ⊂ X we have inf{ y − z : y ∈ Y, z ∈ Z, y = z = 1} = 0.
Proof of Theorem 1.4. Passing to a further subspace by Theorem 1.3 we can assume that T | [xn] = D| [xn] +S with D bounded diagonal with entries (λ n ) n and S compact. Let Λ = sup n |λ n |.
We shall prove the following Claim 1. For any ε > 0 in any block subspace of [x n ] there is a further block subspace [y m ] and some λ ε with |λ ε | ≤ Λ such that
Having Claim 1 consider a cluster point λ 0 of (λ ε ) ε>0 and pick some sequence (λ n ) and descending sequence of block subspaces Y n such that
is compact which will finish the proof.
Proof of Claim 1. Fix ε > 0 and consider a partition of {λ :
A i into pairwise disjoint subsets of diameter smaller than ε/2. For every n put I n,i = {k ∈ supp x n : λ k ∈ A i } and x n,i = x n | In,i . By the unconditionality we get x n,i ≤ 1. As X is tight by support, for every i = j any restriction to a linear subspace spanned by a block sequence of (x n,i ) n of the operator M i,j : lin{x n,i : n ∈ N} ∋ n a n x n,i → n a n x n,j ∈ lin{x n,j : n ∈ N} is either non-bounded or strictly singular. Using this observation given any block sequence of (x n ) we can pass to a further block sequence (y m ) satisfying for some i 0 ≤ d the following
The above statement can be easily proved by induction on d. Passing to a subsequence of (y m ) we can assume that P N\∪nIn,i 0 | [ym] < ε/(4Λ).
Pick any scalar λ ε ∈ A i0 and compute for any vector n b n x n ∈ [y m ] of norm 1:
Let X be a Banach space with an unconditional basis (e i ). In the next section we shall use the following general observation concerning the form of a projection on one of the component of a direct sum formed by two block subspaces with possibly coinciding supports. Assume we have block subspaces
By (D2) these projections are bounded. Lemma 1.6. In the situation as above the projection P Y is of the form P Y = D| Y +Z + S, with S strictly singular and D : X → X diagonal if and only if there is a partition N = F ∪ G such that P G | Y and P F | Z are strictly singular.
Proof. Assume that P Y is of the form P Y = D| Y +Z + S, with S strictly singular and D : X → X diagonal with entries (λ i ). Let
Then for any y = n a n y n ∈ Y we have y = P Y y = Dy + Sy, so n a n i∈supp yn y n (i)e i = n a n i∈supp yn
Thus n a n i∈supp yn
Applying the projection P G we get n a n i∈supp yn∩G
thus by unconditionality of (e i ) (P G • S)( n a n y n ) = n a n i∈supp yn∩G
As S is strictly singular also P G | Y is strictly singular. Analogously we prove that P F | Z is strictly singular.
The reverse implication follows straightforward. Given F, G we write
By the assumption on projections P F , P G on corresponding subspaces the operator P G • P Y − P F • P Z is strictly singular.
GOWERS UNCONDITIONAL SPACE CASE
We recall first the definition of Schlumprecht space and Gowers unconditional space. The spaces are defined as a completion of c 00 under suitable norm, defined as a limit of an increasing sequence of norms.
Let f denote the function x → log 2 (x + 1). The norm · S of Schlumprecht space S satisfies on c 00 the following equation.
It follows straightforward that the basis (ẽ n ) of S is 1-unconditional and subsymmetric, i.e. equivalent to any of its infinite subsequences. We shall sketch the definition of Gowers unconditional space, referring to [7] for details, and state properties of the space we need in a list of facts given below.
The norm of X U satisfies on c 00 the following implicit equation n (x 1 + · · · + x n ) for some block sequence x 1 < · · · < x n with x i ≤ 1 and x ≥ 1/c. A block sequence of ℓ n k 1 -averages (x k ) is a rapidly increasing sequence (RIS) of ℓ 1 -averages, if -roughly speaking -(n k ) increases fast enough, with the length n k of average x k depending not only on k, but also on the support of x k−1 .
We list now the properties of the space X U needed in the sequel. This list indicates that the results of this section can be easily adapted to the case of many other spaces of Gowers-Maurey type.
First we recall the standard Fact 2.1 (Lemma 1 [7] ). For any n ∈ N and c > 1 every block subspace of X U contains an ℓ n 1 -average with constant c. We state now the canonical property of the space X U , whose variations in different spaces of Gowers-Maurey type or Argyros-Deliyanni type are responsible for the irregular properties of the spaces, such as having small (in different meanings) family of bounded operators. 
of the form w k = n∈J k a n u n , z k = n∈J k a n v n , such that w k = 1, k ∈ N, and z k → 0, as k → ∞.
(b) Fix a subsequence (e in ) of the basis. Then there is a normalized sequence (w k ) ⊂ [e in ], w k = n∈J k a n e in , such that sup (jn) n∈J k a n e jn → 0, as k → ∞, where the supremum is taken over all sequences (j n ) ⊂ N with {j n : n ∈ N} ∩ {i n : n ∈ N} = ∅.
The proof of (a) follows directly the lines of the proof in [7] that the space X U satisfies assumptions of Lemma 9 [7] . First we pass to an infinite set N ⊂ N such that any finite subsequence of (v n ) n∈N forms a RIS of ℓ 1 -averages. Now it suffices to take for any k ∈ N a special functional of length k of the form
where u * n (u n ) = 1, #C j = n j , and the corresponding vector
Then for any (v n ) as above we have √
In case of subsequences of the basis the proof is even simplified.
Recall that Facts 1.6 and 2.2 imply immediately the following Theorem 2.3. [5, 9] The unit vector basis of Gowers unconditional space X U is tight by support.
The next fact allows for transfer of an example of a sequence needed in Theorem 2.5 from Schlumprecht space to Gowers unconditional space. Recall that a basic sequence (x n ) generates some subsymmetric basic sequence (x n ) as a spreading model, if for any Now we are ready to prove the main result.
Theorem 2.5. There are block sequences (y n ), (z n ) in Gowers unconditional space X U satisfying (D1), (D2) and (D3) for any partition F ∪ G = N with P G | Y strictly singular the operator P F | Z is not strictly singular.
By Lemma 1.6 we obtain the following answer to Gowers' Problem 5.13 (and thus also Problem 5.12) [9] . Corollary 2.6. There is a bounded operator on a subspace of Gowers unconditional space X U which is not a strictly singular perturbation of a restriction of a diagonal operator on X U .
Proof of Theorem 2.5. We shall use the seminormalized block sequence of [12] generating an ℓ 1 -spreading model in Schlumprecht space. Recall that two vectors u, v have the same distribution, if for some increasing bijection ρ : supp u → supp v we have v(ρ(i)) = u(i) for each i ∈ supp u. Let u j = f (j) j j i=1ẽ i . Take (y n ) ⊂ S to be the block sequence of Theorem 6 of [12] , i.e. y n = n j=1 v n,j , where (v n,j ) n j=1 have pairwise disjoint supports carefully designed and each v n,j has the same distribution as u pj /2, for some fixed p j ր ∞. The sequence (y n ) generates an ℓ 1 -spreading model, as one can easily verify that v n1,j + · · · + v np,j ≈ p/2 for j >> p (cf. [12] ). Now we consider (y n ) as elements of the space X U (denoted in the same way). By Fact 2.4 the vectors (y n ) ⊂ X U , with supports pushed forward along the basis if necessary, form a block sequence seminormalized also in X U with the property v n1,j + · · · + v np,j ≈ p/2 for j >> p, therefore also generating an ℓ 1 -spreading model.
We define the sequence (z n ) in the following way. Take a mapping τ : ∪ n supp y n → N such that (j1) τ | supp yn : supp y n → {1, 2, . . . , # supp y n } is a bijection for any n ∈ N, (j2) τ | supp vn,j is increasing for any n ∈ N, j ≤ n, (j3) τ (r) ≥ τ (s) iff y n (r) ≤ y n (s) for any n ∈ N and r, s ∈ supp y n . Notice that (j1) and (j3) implies the following property.
(j4) τ (supp v n,j ) = τ (supp v m,j ) for any j ≤ n < m, Then let z n (i) = 1 4 τ (i) y n (i) for any i ∈ supp y n and z n (i) = 0 otherwise. In this way we obtain two seminormalized block sequences (y n ) and (z n ) with supp y n = supp z n , thus in particular satisfying (D1).
Proof of (D2). The only property of (y n ) we shall need here is that for any (i n ) ⊂ N with i n ∈ supp y n , n ∈ N, the projection P {in: n∈N} | [yn] is strictly singular, proved in the next Claim.
Assume towards contradiction that dist(S Y , S Z ) = 0. Thus there are some normalized block sequences
|w(i)| ≥ 2|v(i)|} and compute, using 1-unconditionality of the basis of
Analogously compute for J = {i ∈ supp w : |v(i)| ≥ 2|w(i)|}. Thus for any w = k c k w k with norm 1 and v = k c k v k we have i∈supp w:
For any i ∈ supp w we have
Given n ∈ N there can be at most one i ∈ supp y n satisfying
i.e. ( n∈I k a n y n ) k and ( n∈I k a n y n (i n )e in ) k are equivalent.
On the other hand we have the following claim, which yields contradiction. The claim uses only the fact that the spreading models of the basis of X U and of the chosen sequence (y n ) are quite different.
Claim 2. The mapping (y n ) n → (y n (i n )e in ) n extends to a strictly singular operator.
Proof of Claim 2. We shall prove that the mapping carrying (y n ) n to the standard basis of some variant of Schlumprecht space -defined by the function f (x) = log 2 (x + 1) instead of f (x) = log 2 (x + 1) -is strictly singular. As the basis of such variant of Schlumprecht space is subsymmetric and dominates the basis of Gowers space, thus also the mapping (y n ) n → (y n (i n )e in ) n would be strictly singular.
We apply results of [13] taking into account that the basis (ẽ n ) of Schlumprecht space is subsymmetric. By Prop. 2.5 [13] the basis (ẽ n ) of Schlumprecht space is strongly dominated by ℓ 1 (according to the Def. 2.1 of [13] ) and by Lemma 2.4 [13] satisfies for some δ k ց 0 and any scalars (α n ) the following
Now in order to show that the mapping J : (y n ) n → (ẽ n ) n is strictly singular repeat part of the proof of Theorem 1.1 of [13] . Take any normalized block sequence (u m ) of (y n ), u m = i∈Jm α i y i . Passing to further block sequence, as X U does not contain c 0 , we can assume that max i∈Jm |α i | → 0 as m → ∞. Given k 0 ∈ N estimate the norm of v m = J(u m ) using that (y n ) is unconditional and generates an ℓ 1 -spreading model:
As δ k → 0, choosing sufficiently big k 0 and m we can make the norm of v m as small as needed, which proves that v m → 0 and finishes the proof of strict singularity of J and of Claim 2.
Proof of (D3). We introduce some notation first. Given n ∈ N and t ∈ τ (supp y n ) let i n,t ∈ supp y n be the unique index with τ (i) = t. Given any t ∈ N let also N t = {n ∈ N : t ∈ τ (supp y n )}. Then y n = t∈τ (supp yn) y n (i n,t )e in,t . Notice that (j4) implies the following (j5) inf n∈Nt z n (i n,t ) > 0 for any t ∈ N. The property (D3) follows from the next two claims. The first one is based only on properties of the subsequences of the basis described in the Fact 2.2.
Claim 3. Take F ⊂ N with P F | Z strictly singular. Then for any t ∈ N the set {i n,t : n ∈ N t } ∩ F is finite.
Proof of Claim 3. Assume that for some t 0 ∈ N the set I = {i n,t0 : n ∈ N t0 } ∩ F is infinite. We shall prove that the projection P I | Z is not strictly singular, which implies the Claim.
Let N = {n ∈ N t0 : i n,t0 ∈ I}. Apply Fact 2.2(b) to the sequence (e in,t 0 ) n∈N obtaining suitable normalized sequence (w k ) with elements of the form w k = n∈J k a n e in,t 0 , k ∈ N. Now notice that n∈J k a n z n (i n,t0 )e in,t 0 ≥ inf
with the last term, not depending on k, non-zero by (j5), whereas n∈J k a n (z n − z n (i n,t0 )e in,t 0 ) = t∈N,t =t0 n∈J k a n z n (i n,t )e in,t ≤ t∈N,t =t0 1 4 t n∈J k a n y n (i n,t )e in,t ≤ sup t∈N n∈J k a n y n (i n,t )e in,t
As the last term converges to zero as k → ∞ it follows that the projection P I | Z is not strictly singular.
The next claim seems to be a rather natural requirement. Claim 4. Take G ⊂ N with each of the sets {i n,t : n ∈ N t } \ G, t ∈ N, finite. Then the projection P G | Y is not strictly singular.
Proof of Claim 4. Notice that by (j4) for each j ∈ N we have supp v n,j ⊂ G for all but finitely many n's. Let G ′ = ∪ j∈2N ∪ n∈N supp v n,j ∩ G. We shall prove that the projection P G ′ | Y is not strictly singular, which implies the Claim.
Recall that for j >> p then v n1,j + · · · + v np,j ≈ p/2 [12] . Therefore by the assumption on G for any s, r ∈ N and ε > 0 we can pick J ⊂ N with #J = s and j ∈ N so that 1 #J n∈J v n,2j and 1 #J n∈J v n,2j+1 are ℓ s 1 -averages with constant 2, with supp v n,2j ⊂ G and supp v n,2j > r for any n ∈ J. By construction of (y n ) (precisely since (v n,j ) n,j ≥ 1/2) it follows that also Proposition 2.7. Let X U be Gowers unconditional space. Then (i) any bounded diagonal-free operator on a block subspace of X U is strictly singular,
(ii) any bounded operator on a block subspace of X U is a strictly singular perturbation of a restriction of a diagonal operator on X U .
Proof. By Prop. 1.2, as X U is tight by support, the second part follows from the first part. The proof of the first part is a variant of the proof of Prop. 7.5 of [2] in our setting, which uses technique of [4] , we include it for the sake of completeness.
Take a bounded operator T : Y → X U , where Y = [y k ] is a block subspace of X U . Assume that T is diagonal-free, i.e. supp T y k ∩supp y k = ∅ for each k ∈ N. We shall prove that for any sequence of (x n ) of normalized ℓ n 1 -averages T x n converges to zero. By Fact 2.1 it follows that T is strictly singular, which ends the proof of the Proposition.
Fix a block sequence (x n ) ⊂ [y k ] of normalized ℓ n 1 -averages. Passing to subsequence, after small perturbation, we can assume that (T x n + x n ) n∈N is a block sequence. Write each x n as x n = k∈An a k y k . For every B ⊂ N denote by R B the projection on [e j : j ∈ ∪ i∈B supp y i ].
We shall need the following general simple observation.
Fact 2.8. For any sequence (z n ) of ℓ 1 -averages of increasing length and a common constant and any sets (D n ) in N with inf n P Dn z n > 0 also (P Dn z n ) is a sequence of ℓ 1 -averages of increasing length and a common constant.
Claim 5. [(cf. Lemma 7.2 [2])]
For any partitions A n = B n ∪ C n , n ∈ N, we have lim n R Cn T R Bn x n = 0.
Proof of Claim 5. Take partitions A n = B n ∪C n and assume inf n∈N R Cn T R Bn x n > 0 for some infinite N ⊂ N. Then, as T is bounded, inf n∈N R Bn x n > 0. Then by Fact 2.8 the sequence (R Bn x n ) n∈N is also a sequence of ℓ 1 -averages with a common constant. Apply Fact 2.2(a) to the seminormalized block sequence u n = R Cn T R Bn x n and v n = R Bn x n , n ∈ N , obtaining sequences (z k ) and (w k ) with z k = n∈J k b n R Bn x n , w k = n∈J k b n R Cn T R Bn x n , w k = 1 and z k → 0, which contradicts the boundedness of T and ends the proof of the Claim. whereas for any partition (B, C) of A n we have R B T R C x n = i∈B j∈supp yi ( k∈C a k e * j (T y k ))e j .
Fix i ∈ A n and j ∈ supp y i . We shall prove that
By definition of R B , if the term e * j (R B T R C x n ) is non-zero then i ∈ B. It follows that for k = i, there are as many terms a k e * j (T y k ) in the sum (B,C)∈Pn e * j (R B T R C x n ) as is the cardinality of the set {(B, C) ∈ P n : i ∈ B, k ∈ C}, equal to #Pn λn , which ends the proof of the Claim.
The following claim ends the proof of Prop. 2.7.
Claim 7. lim n T x n = 0.
Proof of Claim 7. Assume inf n∈N T x n > 0 for some infinite N ⊂ N. Notice that A n T x n → 0. Indeed, by Claim 6, A n T x n = λn #Pn (B,C)∈Pn R B T R C x n for some 0 < λ n ≤ 4. On the other hand, by Claim 5 we have lim n (sup{ R C T R B x n : (B, C) partition of A n }) = 0.
Hence, passing to a subsequence, after small perturbation, we can assume that supp T x n ∩ supp x n = ∅, n ∈ N . Apply Fact 2.2 to u n = T x n and v n = x n , n ∈ N , obtaining sequences (z k ) and (w k ) with z k = n∈J k b n x n , w k = n∈J k b n T x n , w k = 1 and z k → 0, which contradicts boundedness of T .
